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- - - Abstract 

\ A new method for integrating anomalous Ward identities and finding 

the effective action is proposed. Two-dimensional supergravity and W^- 
gravity are used as examples to demonstrate its potential. An operator 
Qh| is introduced that associates each physical quantity with a Ward identity, 

' i.e., a quantity that is transformed without anomalous terms and can be 

. nullified in a consistent manner. A covariant form of the action for matter 

\ field interacting with a gravitational and Ws-gravitational background is 

' proposed. 

g : 1 INTRODUCTION 
o 
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The tremendous upsurge of interest in IVTv-algebras [||], that followed their dis- 
covery by A.B.Zamolodchikov can be explained by the fact that the basic re- 
lationships in ly/v-algebras, in contrast to those of ordinary Lie algebras, are 
multilinear and that the mathematical aspects had not been systematically stud- 
On. ied. A big achievment in this area of research was the use of the Drinfel'd-Sokolov 
r-| ! reduction scheme which reduces VT-algebras to Lie algebras and relates them 
to the second hamiltonian structure of the generalized Korteweg-de Vries hier- 
archies; M^AT-algebras contain Virasoro algebra as a subalgebra. In the context 
of string theory, the appearence of the latter is a reflection of invariance under 
reparametrization of the string world surface. The extension of this symmety to 
invariance under W^-gravity transformations leads to the theory of W^-strings in 
Polyakov approach, i.e., to the theory of interaction of matter fields with ordinary 
(spin-2) and ly-gravitational (spin-A^) background fields. Thus, symmetry under 
transformations of VT-gravity is the leading principle that makes it possible to 
write the interaction for the fields with spin > 2, at least in two dimensions. 

However, progress in this area of research was fraught with considerable dif- 
ficulties. First the chiral theory of the interaction of matter and IV-gravity was 
formulated by Hull 0. Then Schoutens et al. generalized the theory to the 
non-chiral case but encounted significant technical difficulties: the action in the 
theory proved to be infinitely nonlinear in the matter fields and non-local, so any 
futher analysis is extremely complicated. By calculculating the functional inte- 
gral over the matter fieldsl with a central charge c interacting with IVa-gravity 
Schotens et. al. also found the induced action of W^s-gravity in the form of a 1/c 
expansion [Q. The same researchers (see Ref. [6]) found the induced action of 
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chiral VFs-gravity, a direct analog of the Polyakov's action ^ for ordinary gravity, 
by integrating the anomaly in the limit c — ^ oo. 

Clarification of the geometrical meaning of ly-tranformations would help W- 
gravity studes considerably. This aspect was studied by Figueroa-O'Farrill et al. 
and Hull |12[. 



At present it is generally hoped that l^-gravity studies will help to overcome 
the strong coupling barrier c = 1 for a system consisting of conformal matter and 
two-dimensional gravitation, which will probably make it possible to avoid the 
fractional dimensionality estabilished by Knizhnik and et. al. P| for quantum 
gravity in in the weak-coupling mode. Direct generalization of the results of Ref. 



[9] to VT-gravity in the absence of matter fields done by Matsuo flS 



The present investigation develops a method for integrating two-dimensional 
anomalous Ward identities. Its aplication is illustrated by examples of two- 
dimensional gravity, supegravity, and VFa-gravity. The essence of the method 
consists in the following . By expressing anomalous currents in terms of free 
fields via bosonization formulae, we can lower the order of these differnital equa- 
tions and integrate them. The resulting effective action reproduces the anomaly 
correctly. When the regularization scheme changes, local counterterms are added 
to the non-local effective action, and the emergence of these counterterms changes 
the form and symmetry of the Ward identities. The bosonized fields, being free 
in one regularization scheme, in another scheme are related by the fact that they 
satisfy certain Ward identities. When the chiral Weyl-invariant regularization 
scheme is replaced by the diffeomorphysm-invariant scheme, local counterterms 
are added in such a way that the kinetic part of the effective action becomes 
invariant both under diffeomorphysm and under Weyl transformations. The re- 
maining (topological) part of the effective action is fixed by requirement that the 
total action , being diffeomorphysm-invariant, under Weyl transformations, be 
symmetric in the quantum or projective sence, i.e., is transformed as a 1-cocycle. 

In Sect. 2 and 3 the application of this method is demonstraited using the 
well-known examples of ordinary and (N=l)-supergravity, and a differential op- 
erator R is introduced, which with each physical quantity assosiates its Ward 
identity. The operator is actually a Slavnov operator, which was studied by 
Zucchini in connection with two-dimensional gravity in coj unction with an 
additional inhomogeneous term that destroys the anomalous contribution in the 
transformation law. 

In Sect. 4 these calculations are generalized to the case of chiral VFs-gravity. 
It was found that the result is in full agreement with that of Ooguri et. al. 0. 

Finally, in Sect. 5 deals with the covariant action of matter interacting with 
nonchiral VFs-gravity. In addition to exibiting parametrization symmetry and W- 
diffeomorphysm symmetry, this action is ly-Weyl invariant and can serve as the 
kinetic part of the effective action of VFa-gravity calculated in the diffeomorphysm- 
invariant scheme. 
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2 Two-dimensional gravity 



The Polyakov action, which was derived in Ref. [7] as the effective action induced 
by chiral matter interacting with two-dimensional gravity, is the determinant of 
the two-dimensional Laplasian calculated in a regularization scheme that con- 
serves Weyl symmetry and half the reparametrization symmetry. The presence 
of a conformal anomaly manifests induces an explicit dependence of the Polyakov 
action on one of the reparametrization functions. In other words, this effective 
action can be calculated by integrating the apprppiate variational equation, the 
Ward identity. 

The Ward identity of two-dimensional gravitation theory in the light-cone 
gauge is well known: 

Rt = {d- hd-2dh)T - d^h = 0. (2.1) 

It expresses the anomalous conservation of the system's energy-momentum ten- 
sor T. The field h in this expression denotes the nonvanishing metric component 
that remains after light-cone gauge is specified. It is covariant under the trans- 
formations 

Sh = {d - hd + dh)e, 

ST = {d^ + 2Td + dT)e, (2.2) 

i.e 

5,Rt = (ed + 2de)RT. (2.3) 

Equation ( |2.3|) expresses the Wess-Zumino self-consistency condition. If we use 
the bosonization formula and parametrize the energy-momentum tensor via a 
scalar field, 

T = d'^-^{d^f, (2.4) 

the order of the anomalous term in ( p.l| ) can be reduced: 

i?^ = (9 - hd)ip -dh = 0, (2.5) 
SeR^p = edRip. 

Comparing ( |2.1| ) with ( |2.4| ) and (f^.Sj), we obtain 

= d'^R^ - d^dR^. (2.6) 

The transformation law for the scalar field (p is also anomalous: 

5^ = dt + edif. (2.7) 

If for the field we postulate the free-field Poisson bracket, 

{dip{xy,dp{x)} = 6'{x-x'), (2.8) 



3 



the e-variation of any quantity A can be determined by its Poisson bracket with 
energy-momentum tensor: 



M()= (fx'eix').{T{x');A{x)} (2.9) 



Clearly, this definition for the field ip coincides with ( |2.7| ). The bracket of tensor 
T with itself is 

- {T{x); T{x')} = 6"'{x - x') + {T{x) + T{x'))6'{x - x'). (2.10) 
Although the energy-momentum tensor can be expressed in terms of (p, there is 



no way in which we can express the gauge field h in terms in (2^) in a local 
manner. To do this we must introduce a quantity that satisfies the regular Ward 
identity, i.e., a quantity that transforms as a scalar. The anomaly can be removed 
from the Ward identity by introducing a scalar field / in the following way: 

^ = logdf. (2.11) 

The transformation law for / and the corresponding Ward identity have the form 

5ef = edf, 

Rf = {d-hd)f = 0, (2.12) 
S,Rf = tdRj. 

Now, when all of the quantities are expressed in terms of the function / locally, 
we can integrate the variational equation for the effective action of the theory, 
which can also be expressed in terms of / locally and is given by the Polyakov 
formula 0. Detailed calculations are given in Sect. 3 for the more interesting 
case of super gravity. 

Comparing Eqs. ( ^^ , ( ^^ and (|2.12| ), we can see that the gauge variation 5 



and the Ward identities R are commutative operations on the fields T, (p and /. 
The relationship between i?/, i?^ and Rt is specified by the following formulae: 

RT = {d'^ + 2Td + dT){^). (2.13) 

We see that the operator R assosiates with each physical quantity X a covariant 
expression its Ward identity, which in view of its covariance under gauge 
transformations can be consistently made to vanish. But since the theory lacks 
quantities of the required dimensionality, this expression must to be set to zero. 
Comparing ( p.l3| ) with ( |2.11| ) and ( |2.6| ) with ( |2.4| ), we can see that R obeys the 
Newton-Leibniz rule. This property of R makes it possible to write the Ward 
identities for the correlation functions of the fields T, etc. immediately. 
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If we apply the Legendre transformation 

Z[h] = T[h] + J (fxTh, (2.14) 



Eq. ( p.lD can be written as 



id' + 2Td + dT)^ = -BT, (2.15) 

01 



where the Bol operator on the left-hand side is the covariant form of d on 
an arbitrary Riemann surface, and contains a projective connection, for which we 
may take T. This notation expresses the covariance of the Ward identity (p.l| ) 
just as the Wess-Zumino self-consistency condition (|2.3|) does. 



3 Simple supergravity 

In this section we generalize all the ideas of Sect. 2 to the case of simple super- 
gravity and calculate the effective action of the theory. 

Polyakov's result was generalized by Polyakov and Zamolodchikov to 
the case of (1.0) -supergravity. The corresponding generalization of the Polyakov 
action represents the effective action obtained in a regularization scheme that 
conserves the Weyl and super- Weyl symmetries and half the super coordinate 
symmetry |T5|. The nontrivial dependence of the action on the other coordinate 



functions (odd- and even-parity) is determined by a superconformal anomaly. 

The Ward identities of two-dimensional supergravity in the light-cone gauge 
can be written as 

R^ = {d-hd- 2dh)T - {]pcd + ^dx)S - d'h = 0, 

R^ = 0-hd- hh)S - ^xT - d\ = 0. (3.1) 
They are covariant under the transformations 

6h = {B — hd + dh)e + ^i^X^ 

6x= {B-hd+ ^dh)K + {ed - ^de)x, 

ST = {d' + 2Td + dT)e + {^^d + ^dK)S, (3.2) 

SS={ed+lde)S + {d^ + lT)K, 



I.e., 



bRT = {ed + 2de)RT + {hid + ^dK)Rs, 
5Rs={ed+^-de)Rs + \^^RT, (3.3) 
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which means that the Ward identity Ra transforms in the same way as the 
quantity A but without anomalous terms. 

Going over to the scalar multiplet of matter fields A), with 

6^ = {d + d^)e + ^kX, (3.4) 

6X = {ed+^de)X + {d + ^dip)K, 
which are related to the current fields by the rule 

T = d'v-^{dy,r + ^XdX, (3.5) 



S = dX~ 




we can reduce the order of the derivatives in ( p.l|) . The operator R acts on the 
fields (f and A in the following manner: 

R^ = {d- hd)ip - ^xA - dh, (3.6) 

Rx = {d-hd- ^dh)X - ]^xdv - dx- 

We see that the gauge fields h and x cannot be expressed in terms of and A 
locally, a situation resembling that of Sect. 2. 

The fields if and A form an algebra of free fields in Poisson bracket: 

{9(^(x); d^{x')} = 6'{x - x'), (3.7) 
{A(a;);A(x')} = ~6{x-x'). 

Then, with respect to this bracket, ( |3.5| ) suggests the existence of the following 
algebra for the current fields: 

-{T(x); T{x')} = 6'"{x - x') + (T(x) + T{x'))6'{x - x'), (3.8) 
-{T(x); S{x')} = {S{x) + ls{x'))6\x - x'), 

-{Six); Six')} = S"ix - x') - ^Tix)6ix - x'). 

To parametrize the gauge fields in a convenient manner, we must introduce a 
scalar multiplet (/, ip) without anomalous dimensionality: 

= ^df + ^K^, 

= edtp + ^detp + ^i^df, (3.9) 

Rf = id-hd)f-^X^, 

1 1 
R^ = id-hd- -dh)i) - -xdf. 
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This multiplet is related to the matter fields as follows: 



^ = log^/ + ^, (3-10) 



df ^{dfr 

There is no simple way in which we can deduce such a complicated relationship 
from the condition that the appropriate terms appear in the transformation laws. 
However, the problem can be simplified if superfields are introduced. 

Since the superfield formulation of chiral supergravity contains no auxiliary 
fields, the meaning of all previous expressions is not altered when we go over to 
superfields: 

Ru ^ {B - Hd - ^DHD - ^dH)U - of^DH, 

6U = {Dd^ + -Ud - -DUD + dU)E, (3.11) 

SH ^ {d - Hd - -DHD + dH)E, 

where U = S + 9T, H = h + 9x, D = de + 9d, and E = e + 9k with 9 the 
anticommuting coordinate. Then the current superfield U is related to the matter 
superfield ^ — (p + 9X as follows: 

U = Dd^ - ^D^d^, (3.12) 



and accordingly. 



8^^dE + Ed^ + ^DED^, (3.13) 
Ru = DdR^ - l-D^dR^ - ]-d^DR^. 



The scalar multiplet F — f + 9ip, with 



SF = EdF + -DEDF, (3.14) 
is related to the superfield $ by: 

DF 

$ = log dF + —-D log 9F, (3.15) 

Or 

while the relationship between corresponding Ward identities is 
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The formulae that link the current Ward identities with Rf and are 



If we now use the Legendre transformations to proceed from the partition function 
to the effective action, 

r[T, S] = Z[h, x]-J d'xihT + xS), (3.18) 

the Ward identity becomes 



{d'^D + 3Ud + DUD + 2dU)— = (3.19) 

oU 



or, in components. 



+ 2Td + r7r)^+ (|sa + las) = -sr, (3,20) 

i.e., there emerges a supersymmetric Bol operator, which has also been described 
in Ref. 12. In this form the covariance of Ward identities under gauge transfor- 
mations ( ^.2[ ), which is equivalent to the Wess-Zumino conditions for an anomaly, 
becomes explicit. 

Now let us turn to the problem of finding the partition function of the theory: 

= J (fx{T5h + S5x) = J (fxdeU6H (3.21) 

= - J (fxdeE{d -Hd- \dHD + ]^dH)U. 

We see that the integrand is the Ward identity Ru without anomalous term. In 
the chiral scheme, i.e., a regularization scheme that conserves half the reparametriza- 
tion symmetry and the Weyl symmetry as well as their superpartners, the fields 
(p and A are related by ( ^.1U| ), and the corresponding Ward identities i?<^ and R\ 
vanish. On the other hand, in a regularization scheme that preserves supercoor- 
dinate symmetry the group parameters / and ip vanish and the fields (p and A 
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are unconstrained, but Ward identities and R\ still play an important role. 
Multiplaying Rjj by E and integrating by parts, we obtain 

j (fxddRuE = J E{Dd - ]^D<^d - ]^d<^D)Rq, 
= f d^xd9R^{DdE + ]-d{ED^) + ]-D{Ed^)) (3.22) 
d^xdQR^Db^. 



If we "err" twice, i.e., take ( |3.22| ) for bZ rather than ( ^.21[ ) and ignore the rela- 



tionship between E. and $, expressed by the fact that R^ is zero, we can integrate 
this variational equation and arrive at the following expression for Z\H\. 

Z[H] = -^J d^xde{d<^ - Hd^ - 2dH)D^. (3.23) 

The fact that ( p. 171) reproduces the anomaly correctly can easily be verified. 
Thus, assuming that the superfield $ is independent, we can reproduce the 
anomaly by directly adding the appropriate term to the action. 

This conclusion agrees with our ideas about the "transfer" of the anomaly 
from one regularization scheme to another. A detailed description of the process 
in which a conformal anomaly is transformed into a gravitational anomaly in the 
two-dimensional gravitation theory can be found in [O]. 



4 VF3-gravity 

The difference between the theory of PFs-gravity and above cases in that the chiral 
formulation of this theory is not only more convenient but is also the only one 
amenable to quantum analisis. The nonchiral version formulated in ||^, contains 
an infinite number of derivatives of matter fields and is too complicated even at 
the classical level. 

The Ward identities of chiral Wa-gravity are 

Rrj. = {d-hd- 2dh)T - {2bd + 3db)W - d^h, 
R^ = (d-hd-3dh)W + {2bd^ + 9dBd'^ (4.1) 
+ Ibd'^bd + lOd^b + IQbTd + 16dbT)T - d^h. 

Here b denotes the single nonvanishing component of a third rank symmetric 
tensor - the gauge field of VT-gravity, the partner of the metric in the multiplet 
- and W denotes the corresponding spin-3 current, the partner of the energy- 
momentum tensor. The chiral general-coordinate and ^^-transformations have 
the form 

ST = {d^ + 2Td + dT)e + 3WdX + 2dWX, 
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5W = dWe + ?,Wde + {d^ + lOTS^ + l^dTd"^ 

+9d'^Td + 2d^T + lQT'^d + lQTdT)X, (4.2) 

Sh= {d~hd + dh)e + 2Xd% 

-2>d\d% + ?>d^\dh - 2d^b + 16T{Xdb - bdX), 

Sb = edb - 2deb + {d - hd + 2dh)X. 



The quantities Rt and Rw are covariant under the transformations (|4.2| ), i.e., 

SRt = {ed + 2de)RT + {2Xd + 3dX)Rw, 

6Rw = {ed + 3de)Rw + {2Xd^ + 9dXd^ + 15d'^Xd (4.3) 
+ lOd^X + 32TdX + 16TXd + 16XdT)RT. 

Thus, taking R as the differential operator, we conclude that ( [4.3] ) yields a uni- 
versal relation 

[6,R]=0 (4.4) 

on the current fields T and W. 

The transformations ( |4.2|) of an arbitrary quantity A are generated by the 
currents T and W via Poisson brackets: 

SA = J (fx (e(x){r(x); A} + A(x){H^(x); A}) . (4.5) 
In terms of these brackets, the transformations ('|4.2|) themselves become 



-{T(x); T(a;')} = 5'" (a; - x') + (T(a;) + T(a;'))5'(x - x'), 

-{T(x); Vr(x')} = (H^(x) + 2W{x))5\x - x'), 

-{W^(x); T(x')} = (2Vr(x) + Vr(x'))5'(x - x'), (4.6) 

-{W^(a;); ly(x')} = 5^ + 5(T(x) + T(x'))5'"(x - x') 

+8{T\x) + T\x'))6'{x - x') - 3{T"{x) + T"{x'))6'{x - x'). 

This algebra can be reproduced by expressing the current fields in terms of the 
matter fields ip and ip, which obey the algebra of free fields' 

V(x);v.'(x')} = 6\x-x'), 

W\xy,i;\x')} = 0, (4.7) 
{ij\x);ij'{x')} = -6'{x-x'), 

if we define T{x) and W{x) in the following manner: 

nx) = ^'^-li^^r + ^i^^p)^ 

W{x) = d^^ - 3dipd'^^ - d'^(pdij (4.8) 
+2{diffd^ + l{d^f. 
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This corresponds to the following transformation law for the matter fields: 

5^ = dt + d^e - AXdifdip + 2X8^-^ - dXdip, (4.9) 
5^ = ed^ + d'^X + 3dXdip + 2A(9V + {d^Y + (dtpY). 

The anomalous equation of motion of the matter multiplet have the form 

R^ = d^^ hdif + dhdi) - 2h{d'^i) - 2d^d^) - dh, (4.10) 
R^ = dilj- hdip - 3dbdip - 26(9V + (<9<^)^ + (dtpY) - d%. 
With respect to e- and A-diffeomorphysms, these relationships are also covariant 

5R^ = {ed - 4Xdijd)R^ + {2Xd^ - dX - AXd^d)R^, (4.11) 
6R^ = {ed + AXdij)R^ + {3dXd + 2Xd^ + 4Xdipd)R^ . 



This also estabilishes the validity of Eq. (|4.4| ) when acts on matter multiplet. 
The Ward identiites ( [4.1|) can easily be transformed into 

Rj, = (5^ - dip)R^ + dipdR^, 

R^ = {Adifddipd - d%l)d'^ - 3d'^i/jd)R^ (4.12) 
+{0^ - 3dipd^ + 2{d^fd + 2{dxPfd)R^. 

The e- and A-transformations constitute a closed algebra on the multiplets of 
currents {T, W}, matter fields ip} and gauge fields {/i, h}: 

[5(ei),5(e2)] = 5(e3 = e2<9ei - ei^es), 

[5(ei),5(A2)] = 5{X, = 2X2dti-t2dXi) (4.13) 

[5(Ai);5(A2)] = 5(e3 = 16r(A29Ai-Ai9A2), 

+ 2X28^X1 - 38X28^X1 + 38^X28X1 - 29=^A2Ai). 

The partition function of the theory is calculated in the same way as in super- 
gravitation theory: by multiplaying Eqs. ([4.12|) respectively, by e and A, we 
obtain 

j (fx{eRT + XRw) = J (fx{R^68^ - R^68^). (4.14) 



If the Ward identities ( [4.1| ) were to have no anomalous terms, the left-hand 
side of Eq. (|4.14| ) would be the variation of the partition function with opposite 
sign. If, in addition, the fields and were to be free and Eqs. ( [4.10| ) were not 
link them with gauge fields h and b, the right-hand side of Eq. ( 4.14 ) would be 
the total variation of the following expression: : 

Z[h, b] = J (fx Qa^(a^ - h8^) - ^8ip{dij - h8'ip) - 8h8^+ (4.15) 

+8'^b8ip + b{2{dipfdilj - d'^ip8ilj - 38^8'^^ + -{8^f 

3 

d'^x\^{d^8^ - di)8i)) +hT + bW]. 
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Equation ( |4.15| ) is the action of the matter fields interacting with two-dimensional 
chiral gravity and W^-gravitj. The variation of ([4.15|) with respect to ([4.2| ) and 

:9D is 

SZ = J (fx [hdh + bd^X + 16X{T^db + hTdT)) . (4.16) 

This expression differs from that for the quantum anomaly of the minimal type by 
the presence of terms quadratic in T. This discrepancy is due to the differences 
in defining the transformation law for the field h under A-diffeomorphysms. The 
transformation law ( [4.2[ ) is motivated by the closure of the algebra ( |4.13| ) on the 
fields h and h and by the Wess-Zumino self-consistency condition, with Eqs. ( ^4.3| ) 
being valid. 

The following line of reasoning can motivate another definition of 5\h : if we 
perform the Legendre transformation 

Z[h, b] = V[T,W]+ J (fx{hT + bW), (4.17) 

the expressions for Rt and Rw acquire the Bol operators L3 and L5: 

RT = dT+ (d^ + 2Td + dT) — + {3Wd + 2dW) — , (4.18) 
^ ^01 oW 

Rw = dW+ {3Wd + dW) — + (d^ + lOTd'' + 15dTd'^+ 

oT ^ 

+{9d'^T + lQT^)d + {2d^T + l&Tdrf 



5W 



Thus, 



= J (fx{T5h + W5b) (4.19) 

= j fx [ed^h + Xd% - 16A(r2 + bTdT)) . 

To obtain an anomaly of the minimum type it appears reasonable to define S\h 
with decctrah = -8T{Xdb - bdX). 

The anomaly can be completely removed from the transformation laws and the 
Ward identities if we transform to variables (/, (7), which form a scalar multiplet: 

<^ = loga/ + ^log(l+ fg), (4.20) 

V' = 7-Mog(l+ fg), 

where ^ = jjd and 7^ = — 12 

The transformation law for the fields / and g is 

Sf = edf -^{Xd'f + ^dXdf + ^Xdfdlog{l+ fg)), (4.21) 
6g = edg - ^^dXdg - ^Xmf - d'g + ^dgd\ogil+ fg) + '^dg^]. 
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Accordingly, the Ward identiites are 

Rf = df- hdf + ^dbdf + 76(5'/ + ^a/aiog(l+ fg)) (4.22) 

Rg = dg- hdg + ^dbdf + lb[2dg^ + ^9/91og(l+ fg) - {dff - d^g]. 

Setting Rf and Rg to zero, we can express the gauge multiplet in terms of / and 
9- 

^ (dg-^dg) 

b = 7-^—^ — df_y^ .4 23) 

These formulae coincide, up to renormalization of 7 and A, with the solution found 
by Ooguri et. al., 0, who interpreted PVs-gravity as a constrained Wess-Zumino 
S'L(3, i?)-theory. Plugging ( [4.20| ) and ( [4.21| ) into ([4.15| ), we reproduce the chiral 



action of Ooguri et. al., g], which must be interpreted as the effective action in- 
duced by quantum fluctuations of the matter fields (p and ip, which interact with 
the multiplet of chiral Ws-gravity via ( [4.15 ). The anomalous dependence of this 



action on the "coordinate" functions / and g is due to the VT-gravity anomaly. 
Continuing the analogy with the cases of two-dimensional gravity and supergrav- 
ity, we can assume that this action is a result of choosing a regularization scheme 
that conversed the Weyl and W-Wejl symmetries , as well as half the coordinate 
symmetries of the covariant action that describes the interaction of matter fields 
and ordinary gravity and ly-gravity. 



5 Conclusion 

By generalizing some of the laws governing ordinary gravitation we were able 
to find the effective action of chiral IVa-gravity. It would be more interesting, 
however, to continue the analogy and find the IV-analog of the Liouville action; 
namely the covariant action that describes the interaction of matter fields with a 
gravitational and py-gravitational background. 

To understand the nature of the symmetry properties of VT-gravity theory it 
is advisable to first turn to classical theory. 

As a classical gauge theory, VT-gravity was first examined by Hull 0. The 
nonchiral formulation of this theory was later performed by Schoutens et. al. 
They started with the action 

5 = 1 y d^xd+ifd.if. (5.1) 
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With respect to the ordinary diffeomorphysms 5ip = e^'da'f the variation of ( |5.1| ) 
SS = J d^x[da{e"d+^d-^) + 9+e-(9_^)2 + dt{d+^f, (5.2) 
vanishes if i9+e~ = d-e^ = 0. To generahze this symmetry to a local one, we must, 



in accordance with Noether's theorem, add to (|5.1| ) the currents t++ = Md+ip) 



\2 



and t = multiplied by the corresponding gauge fields kh^^ and kh. 

Here k is an expansion parameter, which is set to unity in the final result. After 
an infinite number of steps the action can be summed as a geometric progression 
to produce 

1 r 2 {d+<^ - kh—d^ip){d.f - kh++d+^ 

2 J ^ l-k^h++h— ■ ^ ' ' 



Schoutens et. al. ^ then stated that the action for n real scalar fields is 
invariant under holomorphic VT-diffeomorphysms. Indeed, under the transforma- 
tions 

Sifi' = d'^\\++d+ip^d+ip^ + \--d^^^d^^^) (5.4) 
the action transforms as 

SS=- f Sxdijk{d+^'d^^^d+^^d^\++ + d.^'d.^^d_^^d^\~-). (5.5) 
3 J 

The fact that the algebra of holomorphic e- and A- diffeomorphysms is closed 
imposes the following constraint on the symmetric constants d see 0: 

The action (|5.1|) can be made invariant under local e- and A-transformations via 
the Noether procedure by introducing the appropriate gauge fields h^~^, h , 
6+++ and b . Unfortunately, in the given case the invariant action can be 
summed only by using auxiliary fields F^: 

S = J d^xe[d+if'd^ip' + FiFi + Fi{d^^' - ^di^kb+^+FlF';) + (5.7) 

F'_{d+^'-^d,jkb F^Fl)]. 

After the auxiliary fields are eliminated, they replaced by "nested" covariant 
derivatives, 

^ dip'^ = eld^if - h^^^d,^ud±ip^d±ip\ (5.8) 

and the action becomes infinitely nonlinear. To avoid difficulties and operate 
from the start in a covariant setting, we must introduce more gauge fields than 
required by the Noether approach. Specifically, in the case of pure gravitation, 
we must introduce the full tensor hai3 instead of the two components h++ h . 



14 



Then the Noether procedure terminates after the first step, and the invariant 
action has the form 

S = [ (fxh'^^da^dp^. 



Here we expect a new symmetry to appear, a symmetry that would balance 

the superfluous degree of freedom related to the /iH component of the metric. 

By requiring that the energy-momentum tensor of the theory be traceless, 

T: = T^^/i"^ = 0, = (5.9) 

we require that the theory be Weyl- invariant, so that the equation h"'^^^ = 
has a functional of the type 5* = S{^/hh°'^) as a solution, which is equivalent to 
invariance under h°'^ e°"/i"^. In this way the final expression for the invariant 
action is 

S = J Vhcfxh'^^daipdfsip. (5.10) 

In the case of Wa-gravity we propose introducing the h'^^,b^^ and b ^ com- 
ponents of the gauge fields, in order to produce the total tensors /i"'^, 6"^"^. The 
Noether procedure terminates after the first step, and the invariant action has 
the form 

S = [ (fxih'^h^p + 6"^^cu„^^), (5.11) 



where tap = \{da'^di3ip — daipd^ip) and 
2 

oJap-i = -{daipdi3(fd^ilj + daipdpipd^ip + daipdpipd^ip + daipdpipd^ip) 

The action (|5.11| ) is assumed to be invariant under the W- diffeomorphysms 

= -AX'^^da^dfs^, (5.12) 

defined with a traceless parameter A, i.e., X°''^ha/3 = 0. The variation of ( |5.11| ) 
under the transformations ( p.l2| ) can be written in the form 

-{h^^'\^^ + /i^^A°^)V^cj„^-^ + dxh'^Hap + 166"'3^A'^^ (5.13) 



Defining the A-variations of the gauge fields in such a way that the coefficients of 
the currents t^fi and oj^fi-i vanish, we ensure that the action (|5.11|) is invariant. 
The transformations ( p.l2[ ) represent a specific realization of the constants d!'^^ 
in (|5.4|) for the case of two fields. Such a restriction is not accidental, the point 
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being that when there are three or more fields, the condition that the covariant 
algebra of the VT-transformations 



= d'^^y^d^^^dp^^) (5.14) 

be closed imposes additional constrants on the d^^^, restrictions which together 
with the conditions ( |5.6| ) have only a vanishing solution. In addition, the algebra 
becomes closed on the gauge fields only if the equations of motion are included, 
as happens in the simpler case of two-dimwnsional supergravitation (|[T7[|). 



Thus, to guarantee invariance under ordinary and A- diffeomorphysms, we 
introduced seven gauge fields. Now we would like to impose constraints on the 
theory in such a way so as to obtain a three-parameter symmetry group that 
"balances" the three superfiuous degrees of freedom. 

By imposing the conditions that the energy-momentum tensor and VT-current 
be traceless, 

h-^4^ = Q h-^^ (5.15) 

conditions with a solution of the form S = S'(/i°^, 6"^'^), with the quantities 
/i"'^ = ^h""^ and 6"^^ = 6"^^ - \h^^{h''%''^'' + h^^h''^'' + h'^^h^^'') invariant 
under Weyl and W^-Weyl transformations, respectively, i.e., 

Weyl : /i"^ ^ e'^/i"^, (5.16) 

W - Weyl : fo"'^^ ^ 6"^^ + (C"/i^^ + C'^K'^ + C^/^"^) 

we reduce the number of degrees of freedom. However, comparison of the vari- 
ations SS{h, b) with (|5.13|) shows that the symmetry of the action under A- 
diffeomorphysms is incompatible with Weyl invariance, since if the variation 6\tai3 
traceless, the variation SxUJa/S'y is not, with the result that the latter cannot be 
made equal to the traceless variation 6h. Thus, Weyl invariance is incompatible 
with W^-symmetry even at classical level, and to reduce the number of degrees of 
freedom we must replace the requirements that the energy-momentum tensor be 
traceless by a different one. 

Schoutens et. al. |1^ proposed a covariant formulation of VT-gravity. With 
each annihilation operator of the classical PFs-algebra they assosiated a gauge field 
and a local parameter, and with each creation operator they assosiated a field in 
the adjoint representation. Then they required that all corresponding curvatures 
vanish. The resulting theory has a finite number of degrees of freedom and, in 
addition, to being coordinate- and W- diffeomorphysm invariant, it is locally 
Weyl- and Lorentz- and W- Weyl and PF-Lorentz-invariant. 

It would also be interesting to study this theory as a constrained Hamiltonian 
system. 

Many thanks go to R.L. Mkrtchyan and O.M. Khudaverdyan for fruitful and 
stimulating discussions and especially to A.G. Sedrakyan for a through review 



16 



of manuscript and for the critical remarks. The present work has in part been 
supported by grants 211-5291 YPI (German Bundesministerium fur Forschung 
und Technologic) and INTAS-2058. 
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